A proof that the universal embedding of the involution geometry of Suz over F 2 is 143-dimensional. ᮊ
INTRODUCTION w x We continue in this paper the work started in Bar95 determining the universal embeddings of the involution geometries for the following groups:
Ž . U 3 ; Suz ; Co . These geometries are contained as subgeometries in 4 1 the dual parapolar space for the Monster simple group, and work on the embeddings for dual parapolar space geometry has led to a conjecture for w x the universal embedding of involution geometry for Co , see Smi94 . This 1 work is the second step in an attempt to answer this conjecture.
An embedding is an injective mapping of an abstract geometry into some vector space so that the ''points'' and ''lines'' of the geometry are mapped to 1-spaces and 2-spaces. In the context of this paper, where all geometries have three points per line, we may define the universal embedding as the embedding which can be mapped surjectively onto every other embedding for that geometry. In particular this embedding is given by a w x presentation, see for example Ron87, p. 179 .
The geometry we deal with here is the 2-local geometry described in w x 1 q6 y Ž . RS80 , where in this paper a parabolic 2 O 2 will be considered a 6 point stabilizer. This geometry has been explored by many authors includw x w x ing Yos88 and Kan81 .
Notation and Definitions
Let ⌫ be the involution geometry for Suz; this geometry is over F in 2 the sense that there are 3 points on each line. So it will be natural to look for an embedding in a vector space over F . Let V be the uni¨ersal 2 ⌫ embedding of ⌫. Then V is characterized by the next two definitions.
⌫ Ž . D EFINITION 0.1 Embedding . An embedding of a geometry ⌫ is a Ž . vector space V, over the appropriate field as explained above , and an Ž . injective incidence preserving map, , from ⌫ to PG V , the projective geometry of a vector space, such that the points are mapped into the 1-spaces of V and the lines are mapped into the 2-spaces of V. To avoid degenerate situations, we assume that V is generated by images of the points of ⌫. 
Then it follows from the definition that
⌫ , then V is a 1-space of V , and let¨denote the unique nonzero vector
During most of the geometrical arguments of this paper we will be working with respect to a fixed point, , and at points will use the natural metric defined on ⌫ to describe certain sets. If S ; ⌫ then S refers to F n all the points of S at distance less than or equal to n from S. Our proof uses information about two particular types of subgeometries Ž . in ⌫, the involution geometry for G 2 , also known as the dual hexagon, 2 and the involution geometry for J , also known as its near-octagon 2 geometry. Technical information about these geometries and their universal embeddings is crucial in what follows, and the reader is referred to w x FS92, pp. 458, 459 , where all necessary information about these geometries is contained.
It will be necessary later to talk to what we term a ''⌬ base,'' where ⌬ is isomorphic to one of the two geometries discussed above. This configuration is a set of lines, all incident to a single point, such that there exists a subgeometry ⌬ containing these lines. By studying for a fixed involution, z, Ž . Ž . 1q6 y Ž . the inclusion of centralizers C z ;C z (2 ⍀ 2 , we are
AutŽ⌬ . Su z y 6 able to describe the nature of the arrangement of ⌬ bases over a single Ž . point. It is important that the structure of C z , in both cases for ⌬ as AutŽ⌬ .
well as with ⌫ itself, is an extra-special group extended by the corresponding orthogonal group. This extra-special structure of the subgroup Ž Ž .. O C z allows us to make a correspondence between the lines on a 2 AutŽ⌬ .
point z and the singular vectors of the corresponding orthogonal space.
THE LOWER BOUND
Before proving the main result of this section we give a proposition which will be necessary at the very end of this section. 
Then X is also an embedding of ⌫. Proof. Let 12 denote the 12-dimensional F -module for 3.Suz described 4 w x in Yos88 ; this module is also known as the complex Leech lattice. Inside the tensor product 12 m 12 we find point vectors which span the submodw x ule of codimension 1 given by the commutator 12 = 12, Suz ; this will give Ž us an embedding of dimension 143 the character here is rational, and so . the module may be written over F . w x By Yos88 we know that points of our geometry correspond to certain 4-spaces of the complex Leech lattice whose image mod 2 is a 4-dimen-² : sional unitary space. Choose a standard basis for this form x , x , x , x . Ž .
3.Su z 3.Su z combining this with the irreducibility of 12 as a Suz module we see that w Ž .x there is a unique invariant 1-space in 12 m 12. By Gri82, Lemma 2.39 iii , the vector u s u q иии qu is this fixed 1-space for the point stabilizer of
p . We may choose our basis so that we get vectors u s u q иии qu ,
us uq иии qu with u , u , and u all conjugate under the S induced r 9 1 2 p q r 3 Ä 4 on the p, q, r by the line stabilizer.
The sum u q u q u is u where u is fixed by the whole group,
x by another application of Gri82, Lemma 2.39 iii , this time to 12-dimensional module for Suz. Therefore u X s u q u , u X s u q u , and 
THE UPPER BOUND
Our primary tool in this part of the theorem is to use similar techniques w x to the ones found in FS92 in their proof of the universal embedding for w x J , which have already been generalized in Bar95 . In this situation we will 2 fix a point g ⌫, then choose a set of well placed J near-octagons 2 containing , and show that they span almost all points of distance up to two from ; finally we use connected component arguments and some w x w x ''circuit'' arguments, as in Bar95, Lemma 0.5 and FJ94 to complete spanning.
The first step is to determine the suborbit diagram. This diagram describes the incidence relations between orbits of the point stabilizer for a fixed involution, .
LEMMA 2.1. The in¨olution geometry for Suz has the suborbit diagram gi¨en in Fig. 1 .
x As in Bar95 we have labelled each suborbit of the diagram by the ATLAS name of conjugacy class of the product of an element of that orbit with our fixed involution, . Again, although that class is invariant under Ž . the action of a point stabilizer centralizer of an involution , it is not necessary that the point stabilizer be transitive on such a set. This failure occurs for the points that have product with our fixed involution in class 2 A. So we add subscripts to our notation for the two corresponding suborbits. Proof. We must show that no two J octagons have points in common 2 at distances two, three, and four from . Now we will need certain very specific information about the geometry. w x In the examples done in FS92 the authors used information given in w x CT85 ; here we will use calculations done with the computer algebra program GAP. PROPOSITION 2.6. The following hold for ⌫. full universal embedding of this geometry. Inside the 28-dimensional embedding for J we can calculate the span of the points at distance 1 2 from a fixed point to be 6 dimensional. Therefore in V , we see that these ⌫ octagons all intersect in a space whose span is at least 6 dimensional; so Ž Ž .. the span in V is at most 2 6 q 4 28 y 6 s 188.
Distance two:
Consider a point ␥ in suborbit 4 A, then from the suborbit diagram it is clear that ␥ determines a unique line back to . We
⌫
Now we wish to show that these points cover the points at distance F 1. w x w x Our main tool here is FS92, Lemma 2.6 , also see FJ94, Proposition 3.2 .
Ž . These results state that if we have a G 2 hexagon which has two of the 2 lines on spanned and all of the points at distance 2 with lines back to those distance 1 points already covered, then the third line at distance 1 is in the span of these points.
We illustrate this process with an example: We have already spanned the lines which correspond to the singular vectors a and b, and all the points at distance 2 in suborbit 4 A with lines back to the points on those Ä 4 two lines. Therefore since a, b, abcd are three singular vectors in our y Ž . Ž . O 2 space which are mutually non-collinear they form a G 2 base for a 6 2 Ž . w x G 2 dual hexagon, as in Bar95 . Since in ⌬, we have already spanned 2 Ž . two of the lines at distance 1 namely a and b and the points at distance 2 w x with lines back to lines a and b for this hexagon, we see by FJ94 , x Proposition 3.2 that the points on the line abcd are also in the span. ; ⌬Ј so we have spanned the points at distance F 1 via our octagons over ⌬ and ⌬Ј. w x Now mimicking FS92, Lemma 3.7 we show that we have spanned almost all of suborbit 4 A. If we choose another base ⌺ and ⌰ is a J 2 octagon over ⌺, with ⌺ and ⌬ sharing at least three singular vectors, then the intersection between ⌰ and the octagons over ⌬ is at least the union Ž . w of two G 2 hexagons. Therefore we have already spanned ⌰ by FS92, 2 F 2 x Lemma 3.7 . There is only one singular point abcd which is not in any J 2 base sharing three singular vectors with ⌬ or ⌬Ј.
Ž . Now for these 26 other singular vectors other than abcd we have spanned the points at distance two from with lines back to the lines denoted by these singular vectors. This is because given any point x g 4 A with a line back to one of these 26 singular vectors, we may choose an octagon, ⌰, over a J -base, ⌺, containing x and the singular vector 2 < < uniquely determined by x's line back toward such that either ⌺ l ⌬ G 3 < < or ⌺ l ⌬Ј G 3. Therefore we have already added enough points of ⌰ to Ž . w x span two G 2 hexagons inside ⌰, so by FS92, Lemma 3.7 we have 2 spanned ⌰ . In particular we have spanned our chosen point x. only necessary to check that this relation remains non-trivial in ⌫. This was w x done using the method described in Bar95, Lemma 2.7 using GAP. LEMMA 2.9. The dimension of V is less than 196 q 72 y 10 q 21 q ⌫ 1 s 280.
Proof. Theorem 2.7 shows that the span of the points in 1 A, 2 A , 4 A is 1 less than 196 dimensional.
Ž . Proposition 2.6 i shows that we can then add the points in suborbit 3C for at most 72 dimensions, and we have already added 10 of the dimen-Ž . sions, 5 for each set of four octagons, by Proposition 2.6 iii .
Ž . Proposition 2.6 ii shows that suborbit 5 A spans less than 216 dimensions. But lemma 2.8 shows a circuit relation. Using GAP we constructed the permutation module for G by its action on the 216 connected components of suborbit 5 A. Then we determined which connected components the points of our circuit relation were contained in. This allowed us to write the vector that represents the relation, i.e., a vector which we wish to set to zero. We then computed the span of the G conjugates. This result showed that this relation generates a 195-dimensional submodule of the permutation module. Therefore the points of 5 A may now be added for 216 y 195 s 21 dimensions.
The points of 6 B are connected by lines back to 5 A by Proposition Ž . 2.6 iii . Therefore these points may be added at the cost of one more dimension.
Ä 4 The line relations may be interpreted as saying that if p, q, r is a line then V ; V q V . Therefore any point which lies on a line with two
points in what we have already spanned is itself contained in the span. Therefore, by the suborbit diagram, we have spanned the points in suborbit 4 B. With this fact in mind we have also spanned points of suborbits 3 B and 2 A , and therefore all of ⌫.
2
The construction of V and the universal property of V shows that V 143 ⌫ ⌫ has a 143-dimensional quotient. Now by the bound obtained above we see that the kernel of the map from V to V has dimension less than 138;
⌫ 143 Ž and since the smallest non-trivial irreducible for Suz.2 the full automor-. w q x phism group of ⌫ has dimension 142 S 92 , we see that Suz must act trivially on this kernel.
The rest of the section is devoted to using techniques of modular representation theory to show this kernel is zero. This is done by showing that the map from V to V is split and therefore that the kernel is zero
since V has no trivial quotients. To show splitting we use a slight ⌫ w x w x extension of the Alperin᎐Gorenstein method AG72 used in Bar95 , Ž .
5 restricting now to subgroups 3U 3 2 and 3 M . Proof. We may read this from the structure of the projective cover of w x the 10-dimensional module in Ben84, p. 220 , see Fig. 3 . Proof. The subgroup structure of Suz as characterized by the 3-local c w x geometry with diagram```discovered by Buekenhout Bue85
Ž . shows that we may choose subgroups of Suz isomorphic to 3.U 3 .2 and 4 5 Ž . Suz. embedding, but the trivial module does not support the embedding sheaf.
